A scheme to compute reactions is described that uses the Slater determinants constructed of oscillator orbitals. Simple linear equations are suggested for this purpose and shown to be very efficient in a model example. A universal method to evaluate the required matrix elements is given.
I. INTRODUCTION
As well known, last decades a big progress has been made in the ab initio description of p-shell nuclei in the framework of the no-core shell-model (ncsm) method. As already was pointed out [1] a challenging task is to extend this method to describe reactions.
Work in this direction was done in Refs. [2] [3] [4] [5] [6] . In Ref. [2] the resonating-group method has been employed. The bound-state wave functions of the heavier of reaction partners were taken in the form of the ncsm expansions over the Slater determinants. The bound-state wave functions of the lighter of reaction partners were treated as an expansion over oscillator functions in the Jacobi coordinates. The coupled set of integro-differential equations describing relative motion of fragments in a reaction has been obtained. Kernels of the equations were derived in the fashion of Ref. [1] for the cases when the mass numbers of the lighter reaction partner are equal to one [2] , two [4] , and three [5] .
Ncsm pseudo-states of fragments were subsequently included in the calculations. This resulted in increase of the number of the integro-differential equations while convergence with respect to adding pseudo-states proved to be too slow in certain cases. In this connection, it was suggested [3] to supplement the resonating group ansatz with a set of states belonging to the ncsm pseudo-spectrum of the whole system. To realize this, the R-matrix approach was used and the Bloch-Schrödinger equation was solved in conjunction with the resonating group description. The required additional matrix elements (ME) were obtained in a way similar to that of Ref. [1] . In the latter paper, at calculating the spectroscopic function of a nucleus the heavier cluster and the lighter one were treated in the same manner as mentioned above and formulae for the ME were obtained separately for the cases of lighter clusters consisting of one, two, three, and four nucleons. In this sequence, the formulae become increasingly complicated, and the same refers to the above mentioned resonating group ME. The convergence issue was scrutinized in those investigations and stability of the reaction observables, at least at the qualitative level, was established.
Our purpose is to propose a simple and universal extension of ncsm to calculate reactions.
In the present work, the case of two-fragment reactions is considered. In the next section, simple linear equations suitable for this purpose are described. Unlike the resonating-group approach, they do not involve antisymmetrization between nucleons belonging to different reaction partners. They prove to lead to precise results in a model example.
In Secs. 3-5 the issue of calculating the ME entering the equations is addressed. In the difference to the above mentioned approach, we employ the ncsm-type Slater determinant expansions for both fragments and we do not use Jacobi coordinates. We provide simple formulae to calculate the required ME. They are universal, i.e. the same for fragments consisting of different numbers of nucleons.
Below the notaion like Ψ nlm (X) refers to the eigenfunctions of the oscillator Hamiltonian −(1/2)∆ X +(1/2)X 2 . These eigenfunctions are assumed to be normalized to unity, n denotes the radial quantum number, and l and m denote the angular momentum quantum numbers.
In the nucleon orbital case, X = r/r 0 where r is the nucleon position vector and r 0 denotes the nucleon oscillator radius.
.
II. SCHEME FOR COMPUTING REACTIONS

A. Formulation
Continuum wave functions we shall deal with are the following. Assume that only twofragment reaction channels are open. Below quantites referring to such a reaction channel, say i, will be supplied with the corresponding subscript. Denote the wave number and the orbital momentum of relative motion of fragments as k i and l i . Denote the mass numbers of fragments pertaining to a reaction channel as A 1i and A 2i and the vector connecting their centers of masses prior to inter-fragment antisymmetrization as ρ i ,
where r k are nucleon positions. The following radial functions of relative motion of fragments will be employed,
where F l is the regular Coulomb function andG l is obtained from the irregular Coulomb function G l by means of a regularization at small distances. One may set, for example,
Define the "surface functions" ϕ i ,
Here φ
and φ
are bound-state wave functions of fragments. They contain, respectively, nucleons with the numbers from 1 to A 1i and from
A is the total number of nucleons in a system. These are internal wave functions depending on Jacobi vectors and possessing given total momenta and their projections. The latter quantities are denoted as I 1 , M 1 and I 2 , M 2 . These wave functions possess also given parities and isospins and they are the eigenfunctions of corresponding internal Hamiltonians. The brackets [. . .] represent couplings to the spin S of the two fragments and to the total spin J and its projection M.
We shall deal with the channel functions of two types denoted as ψ (0) i and ψ
i . They are of the form
where the functions f
are defined in Eq. (2) . Here A i is the inter-fragment antisymmetrizer,
where ν i is the number of channels in the configuration space which are associated with a given reaction channel i. These channels in the configuration space correspond to different distributions of nucleons over the fragments so that
where υ = 2 if the fragments are identical, and υ = 1 otherwise. The number of terms in the sum is ν i and the permutations P are such that with their help one obtains all the channels in the configuration space from one of them. The quantity π(P ) is either zero or one depending on the parity of a permutaition. As mentioned above, in Eq. (4) Ψ 000
is the ground-state harmonic oscillator function andR cm = R cm √ A/r 0 where R cm is the center-of-mass vector of the whole system.
Define approximate (or trial, or truncated) continuum wave functions
1 ≤ j ≤ n. The quantities ψ 
For brevity we rewrite the ansatz (7) as
1 Terms of the same structure as ψ j , and at 1 ≤ i ≤ n one has ζ i = ψ (1) i . At i = n + k one has ζ i = χ k . To find the coefficients of the expansions of the type of Eq. (7) in the case of "simple", or small, systems the Hulthén-Kohn variational method is traditionally applied. It leads to the equations of the form
with
Here and below H is an internal Hamiltonian and E is the energy of the whole system. The disadvantage of these equations in our case is that they thus include the "free-free" matrix elements like ψ
which represent one more class of ME and which are more involved.
In view of this, in Ref. [7] (Sec. 5 there) another set of equations has been suggested. (11) where H 1 and H 2 are internal Hamiltonians of the fragments, ǫ 1 and ǫ 2 are fragment eigenenergies, T rel is the operator of kinetic energy of the fragment relative motion, E rel is the energy of this relative motion,V select the "best" of the Ψ j it is natural to require [7] that [H − E]Ψ j is orthogonal to N lowest localized states χ k , that are of the type of the N − n states χ k entering Eq. (7). I.e.
we set (χ k , [H − E]Ψ j ) = 0 with 1 ≤ k ≤ N. These are the equations having the form of Eq. (10) with
These equations include bound-bound and bound-free ME only. They are very suitable for our purpose of extending ncsm to describe reactions. In subsequent sections the calculation of the bound-free ME is addressed. As pointed out in [7] the advantage of such type equations is that antisymmetrization with respect to nucleons belonging to different fragments may be omitted in ME entering them.
In an independent paper [8] the least-square type equations have been suggested to solve the problem. It was pointed out there that the equations of the form (10) and (12) are the limiting case of the least-square method. In our case, when the matrix of the H −E operator in the Slater determinant basis is large and sparce, this general least-square method seems to be less efficient than these equations.
In fact in general no reasons are known for convergence to be faster in the case of the Hulthén-Kohn type equations than in the case of Eqs. (10) than the original ones. Besides, the Hulthén-Kohn functionals include undesirable free-free ME. For these reasons, we refrain from this improvement procedure.
The calculation can also be performed in the incoming and outgoing wave representation.
In such a case the following radial functions of the relative motion of fragments are employed instead of functions (2),
Correspondingly, the following channel functions are used instead of functions (4),
The representation of the form
1 ≤ j ≤ n, similar to Eq. (7) is used to obtain the approximate continuum wave functions.
The χ k terms are the same as in Eq. (7). One has a j i = −S ij where S ij is the S-matrix. Let us rewrite the ansatz of Eq. (15) in the form of Eq. (9) where now ζ j 0 = ψ − j , and at 1 ≤ i ≤ n one has ζ i = ψ + i . As above, ζ i = χ k at i = n + k. With this notation, the equations of the same form (10) with the coefficients (12) are applicable in the present case.
A possible advantage of this version is that if only the cross sections for a given initial state j are required then only the corresponding Ψ j is to be determined. While in the Kmatrix version the whole K-matrix is required and all Ψ j are thus to be calculated. Some disadvantage is that, unlike the K-matrix version, the quantities entering the calculation are complex.
B. Example
Consider the model problem of the s-wave scattering of a particle by the potential −V 0 exp(−r/R) with V 0 > 0. It was employed in the literature to study the Hulthén-Kohn and least-square methods. As well known, the problem allows an analytic solution.
Let ψ denote the continuum wave function and let us use the notation x = r/R and
The precise values of the phase shift δ can be obtained as follows. Define
with a 0 = 1. Then tan δ = ImF/ReF .
We want to find out whether Eqs. (10) and (12) lead to the exact solution of the problem. Let us take, for example, V 0 = E 0 and kR = 0.1. In this case, the value of tan δ that is exact in all the listed digits equals -0.9798735. In the present case the expansion (7) reads as
We choose the localized functions χ m (r) to be the following,
where L In Table 1 The following feature has been observed in our calculations. Eqs. (10) and (12) 
III. SHELL-MODEL WAVE FUNCTIONS OF FRAGMENTS EXCITED WITH RESPECT TO CENTER OF MASS
The wave functions of fragments entering Eq. (3) are supposed to be taken from ncsm calculations. In fact, such calculations give products of these wave functions and the lowest oscillator functions of the fragment centers of mass. These products are provided in the form of expansions over the Slater determinants. Let us denote such products as X 000
where as in Eq. (3) φ
represent the eigenfunctions of internal Hamiltonians having the angular momenta I 1,2 and their projections M 1,2 . The notationr We shall need also products of the internal wave function of a fragment and the wave function of its center of mass in a given excited state. Let us denote these products as X 
where
η are the oscillator creation operators,
and Y lm are the solid harmonics. The X 
Here and below spherical components of vectors like η ± = ∓2 −1/2 (η x ± iη y ) and η 0 = η z are used. Once X 0ll
is constructed in the form of a linear combination of the Slater determinants, Eq. (25) makes possible to construct in this form also X 0l+1,l+1
where η i are the oscillator creation operators for separate nucleons,
In what follows only the states (21) with l values of the same parity will be required. In this connection, the relation similar to Eq. (25) X 0l+2,l+2
may be useful in conjunction with Eq. (26). One-and two-body matrix elements are to be calculated at its use.
Next, one obtains the X nll I 1 M 1 states with n = 0 as a combination of the Slater determinants applying the relation following from Eq. (22)
One needs to calculate one-and two-body matrix elements also in this case.
Once the N max + N 0 maximum excitation is reached the recursion procedure is to be applied to corresponding lower-shell states only.
In the scheme below, use of only the X
states with m = l is sufficient. If still one wants to employ also m < l states this can be realized with the help of the lowering operators.
Writing l = −iη × η + where
Along with Eq. (26) one uses the relations
to calculate these states in the required form. One-body contributions to the operator from Eq. (30) are the single-particle orbital momenta l
IV. RELATION BETWEEN CLUSTER AND SHELL-MODEL ME
Let us use the notation
These quantities are obtained from those of Eqs. (3) and (4), or (3) and (14) We want to express the ME (33) in terms of the ME
where the states X states are obtained from a ncsm bound state by means of the center of mass excitation as described in the preceding section. The result will be used to calculate the ME entering the dynamics equations of Sec. 2. In Eq. (34)
Consider the quantities
Since in the ME (34) χ JM,0 k is a state with a given total momentum and its projection it is clear that these quantities are proportional to the corresponding ME in which X 
where n ′ lNL|nl00 ϕ l are the oscillator brackets corresponding to the orthogonal transformationρ =r (1) cm cos ϕ +r (2) cm sin ϕ,R cm =r (1) cm cos ϕ −r with N = L = 0 and hence with l ′ = l and n ′ = n contributes to the result. Therefore, one has the relation
The m and M −m values here are arbitrary. This relation expresses the ME (33) that contain cluster type wave functions in terms of the ME (34) that involve only oscillator orbitals. A similar relation has been derived e.g. in Refs. [1, [10] [11] [12] , its difference with Eq. (38) refers to dealing with angular momenta. A more general relation is given in Appendix 2.
At A 1 = 1, i.e. in the case when the first fragment is a nucleon, the function φ
Eqs. (20) and (21) is to be replaced with the corresponding spin-isospin function of the nucleon. The X
wave function is then merely the product of this spin-isospin function
see Appendix C.
One may choose m = l in Eq. (38). At this choice, the Clebsh-Gordan coefficient in the right-hand side of Eq. (38) is different from zero at least when M = J is chosen. Indeed, [13] C JJ S,J−l,ll = (−1)
Thus the ME sought for may be computed e.g. from the relation
It is clear that in the above relations it is expedient to choose the lighter of the two fragments to be the fragment number one in the notation we use.
V. MATRIX ELEMENTS INVOLVING CHANNEL FUNCTIONS
The coefficients of the dynamic equations of Sec. 2 are the bound-bound ME and the bound-free ME, i.e. those which include the localized ncsm functions and non-localized channel functions of Eqs. (4) and (14) . Thus, finally we need to calculate the latter ME using the considerations above. These ME are of the form
where A i is the antisymmetrizer (5), ϕ i is the surface function (3), f i one of the functions f 
Thus the task of antisymmetrization of the channel functions is removed.
The ME in the right-hand side of Eq. (43) is thus of the structure
The channel subscript i is omitted here and below. An efficient way to calculate this ME is as follows. One uses the H − E operator in the form (11) and one treats the fragment wave functions as being exact. Then the expression (44) becomes
wheref
The functionf (ρ) is localized. Let us approximate it by its truncated expansion over the oscillator functions. Then the first of the ME in Eq. (45) turns to a sum of the ME
of the type of Eq. (33). If f = f (1) one hasf = 0 and this contribution is absent.
In the second of the ME in Eq. (45) c n R nl (ρ) as a sum of the functions R nl (ρ) minimizing the quantity similar to (48). As a result, this contribution takes the above form of a sum of the ME (47). (Thus, besides the total number of basis functions, the parameters of a calculation with respect to which its stability is to be checked are the n max type numbers and possibly the above defined N 0 numbers.)
Applying the relation (38) or (41) one reduces the ME (47) to a sum of the ME 
where 1 ≤ i ≤ A 1 and A 1 +1 ≤ j ≤ A 1 +A 2 , and the sets {l
are subsets of the {l 1 , . . . , l A 1 +A 2 } set. These contributions may not vanish only if the latter subsets differ, respectively, from the {m} set and the {n} set by not more than one orbital.
In such cases the set of the {{m}, {n}} orbitals differs from the {l} set by not more than two orbitals and these two orbitals cannot belong to the same {m} or {n} set. (This is only possible if in the {m} set not more than two orbitals are the same as in the {n} set.) The ME (51) is of the structure similar to that of one-body operators. Therefore, it is reduced in the usual way (depending on whether the correspondiong orbitals are the same or not)
to the standard two-body ME like To calculate the ME of the H − E operator between the functions χ m (19) and the two scattering functions entering Eq. (18) the following scheme is convenient. All these ME are readily obtained from the integrals of the form 
ME of three-nucleon interactions that contribute to
The ME (33) sought for may be computed in terms of these ME as follows, 
Here M S + m = M, 2n 1 + l 1 + 2n 2 + l 2 = 2n + l, and M S , m, n 1 , l 1 , n 2 , and l 2 are arbitrary otherwise. The oscillator brackets entering here are defined in accordance with the transformation Ψ n 1 l 1 (r
and the relations (37) are implied. Eq. (B2) is obtained similarly to Eq. (38) and at n 2 = l 2 = 0 it turns to it. As shown in Appendix C one has where the notation (23) is used. Eq. (B2) is more involved than Eq. (38) but (e.g. in the case when both fragments are the α-particles) it may be employed to reduce the maximum center-of-mass excitations of the fragments required at a given 2n + l value.
